A numerical method for evaluating the stress intensity factors (SIFs) of a three-dimensional interface crack between dissimilar anisotropic materials subjected to thermal and mechanical stresses is proposed. The M 1 -integral method was applied to an interfacial crack between three-dimensional anisotropic bimaterials under thermal stress. The moving least square approximation was utilized to calculate the value of the M 1 -integral. The M 1 -integral in conjunction with the moving least square approximation can be used to calculate the SIFs from nodal displacements obtained by finite element analysis. SIF analyses were performed for double edge cracks in jointed dissimilar isotropic semi-infinite plates subjected to thermal load. Excellent agreement was achieved between the numerical results obtained by the present method and the exact solution. In addition, we computed the SIFs of an external circular interfacial crack in jointed dissimilar anisotropic solids under thermal stress and showed the distributions of SIFs along the crack front. The distribution of stress and the crack opening displacement obtained by the asymptotic solution using the computed SIFs were compared with those obtained by the finite element analysis with fine mesh. They were almost identical to each other, except for the minor component of SIFs that is much smaller than the major component of SIFs. These results indirectly demonstrate the accuracy of the obtained SIFs.
the malfunction or the reliability degradation of electronic devices.
The stress intensity factors (SIFs) of an interface crack are important for evaluating the fracture at interfaces. Gotoh [1] , Clements [2] , Willis [3] , Bassani and Qu [4] , and Wu [5] have investigated the stress field around interfacial cracks between dissimilar anisotropic materials. Hwu [6] has proposed an asymptotic solution for stress around an interface crack between dissimilar anisotropic materials using the Stroh formalism [7] , and defined the SIFs of an interface crack. Few analytical solutions of the SIFs of interface cracks between dissimilar anisotropic materials have been proposed due to the mathematical difficulty. The energy release rate of an interfacial crack can be obtained using an energy method such as the virtual crack extension method, the J-integral method or the crack closure integral method. Sun and Qian [8] and Ikeda et al. [9] proposed numerical methods to calculate the mode-separated SIFs of a two-dimensional interfacial crack between dissimilar anisotropic materials subjected to mechanical loads. Nagai et al. [10] and Nomura et al. [11] presented computational methods to determine the SIFs of a two-dimensional interfacial crack and corner between dissimilar anisotropic solids under thermal stress, respectively. Nagai et al. [12] proposed the modified M 1 -integral method, which is a combination of the J-integral method and the superposition method, to obtain the SIFs of a three-dimensional crack between anisotropic bimaterials. However, there is still no numerical method based on the energy method to determine the SIFs of a three-dimensional interfacial crack between dissimilar anisotropic materials subjected to thermal stress.
We extended the M 1 -integral to determine the SIFs of a three-dimensional interface crack between dissimilar anisotropic materials under thermal stress. In this method, the moving least-square approximation is employed to calculate the value of the M 1 -integral, and the stress and strain in the M 1 -integral are approximated from the nodal displacements obtained by the finite element analysis.
Therefore, in the computation of the M 1 -integral, this method does not need to extract any elemental data from the finite element analysis. The M 1 -integral method presented here can calculate the SIFs easily and requires less time for the data preparation than other procedures.
Stress intensity factors of an interface crack between dissimilar anisotropic materials
The general solutions of an interface crack between dissimilar anisotropic materials, as shown in Figure 1 , are expressed using the Stroh formalism [7] . 
where the overbar denotes the complex conjugate, and subscripts 1 and 2 indicate Material 1 ( x 2 > 0 ) and Material 2 ( x 2 < 0 ), respectively. A j and B j are 3 x 3 complex matrices composed of Stroh's eigenvectors for material j, which are calculated from the elastic stiffnesses (C ijks ) for Material j. u j and ϕ j are the displacement and stress function vectors in Material j, respectively. 
Function vectors f 1 (z) and f 2 (z) are related to the function vector ψ(z) by the following formula:
M * is a bi-materials matrix obtained from the Barnett-Lothe tensors [13] of two materials as
where i is the complex number (i 2 = -1). Barnett-Lothe tensors S and L are obtained by
N 1 (θ) and N 3 (θ) are the functions of the elastic constants of the respective materials.
Hwu [6] has defined the SIFs of an interface crack between dissimilar anisotropic materials which are compatible with those for a crack in a homogeneous material:
where r is the distance from a crack tip, l k is an arbitrary characteristic length, and the angular brackets € denote the diagonal matrix. λ 1 , λ 2 , and λ 3 are eigenvectors of the following equation:
The explicit solution for the eigenvalues δα were given by Ting [14] as
In the case of a crack in a homogeneous material, each mode of the stress field is independent, and the SIFs, K II , K I , and K III , are related with their respective stress fields. However, in the case of an interface crack between dissimilar anisotropic materials, each mode is related to the others, and the SIFs cannot be divided into independent modes. If both the upper and lower materials possess a symmetric plane parallel to the x 1 -x 2 plane, mode III is independent while modes I and II are coupled.
The ratio between K II , K I , and K III depends on the value of l k in Equation (7). We must fix the value of l k to relate the set of SIFs with a unique stress field. In this study, we fixed the value of l k as 10 µm. The SIFs vector K for a value of l k can easily be converted to K' for a different l' k using the following relation:
The stress ahead of an interface crack along the x 1 -axis and the crack opening displacement in the vicinity of the crack tip are expressed using the SIFs.
The energy release rate G and the SIFs K are related as
In the vicinity of a crack tip, ψ(z) in Equation (3) can be simplified as
Numerical analyses

The M 1 -integral method for the three-dimensional thermoelastic problem
The stress distribution around an interface crack tip is essentially in mixed mode. Several basic techniques have been developed for the numerical computation of the J-integral in a three-dimensional problem. In the present paper, the three-dimensional contour-integral method [19] [20] [21] and the domain integral method [22, 23] were employed.
We define a local orthogonal coordinate system at a point s on the crack front such as in Figure 2 .
The x 2 axis is perpendicular to the crack plane, and the x 1 and x 3 axes lie on the crack plane, and are normal and tangent to the crack front, respectively. Kishimoto et al. [20] defined the J-integral for a three-dimensional crack under thermal stress as
where Γ is an arbitrary contour pass on the x 1 -x 2 plane enclosing the crack tip in a counterclockwise direction, and Ω is the area surrounded by the contour pass. W e is the elastic strain energy density, n i is the x i -component of a unit outward normal on Γ, and u i , σ ij , α ij and € ϑ are the displacement, stress, and coefficients of thermal expansion and temperature, respectively. Under the isothermal plane strain condition, the domain integral in Equation (18) vanishes because the partial differentiations of temperature with respect to x 1 and of displacements and stresses with respect to x 3 become zero.
Shih et al. [22] developed the domain integral method to evaluate the J-integral for three-dimensional thermoelastic cracks as
where L c is a small segment that undergoes a virtual crack advance in the plane of the crack of a curved crack front that lies on the x 1 -x 3 plane (see Figure 3 (a)). η(s) is a virtual crack advance at each point s. V is a tubular domain surrounding the crack segment and bounded by the surface S t and S o (see Figure 3(b) ). It should be noted that S t must shrink onto the crack tip in order to evaluate the pointwise value of the J-integral along the crack front. q k is a test function which is continuously differentiable in V, and it takes the following values on S t and S 0 :
where ξ k (s) is the x k -component of the crack advance vector. In the present work, we can assume that the crack front in the vicinity of the crack tip is straight locally, because the sizes of finite elements around the crack tip were significantly smaller than those in the outer area. Therefore, Equation (19) is expressed as follows:
Consider two independent equilibrium states with field variables denoted by superscripts (1) and (2) for a region surrounding a crack tip as shown in Figure 4 . Superscript (1) indicates the "target problem" that we are trying to solve, and superscript (2) indicates the "reference problem" whose distributions of displacement, stress, and whose SIFs are already known. The superposition of the two equilibrium states leads to another equilibrium state, the "Superposed problem," denoted by the superscript (1+2). The distributions of displacement, stress and temperature in the superposed problem are obtained by the superposition of these two equilibrium states, (1) and (2), i.e.,
The SIFs vector can also be superposed as
Substituting Equation (23) into Equation (15), the energy release rate of the superposed state (1+2)
is obtained as
Hence,
Any known problem can be used as the reference problem. The asymptotic solutions shown in
Equations (1), (3), (16) and (17) can be the most convenient reference problem, and were used in this study. The M 1 -integral corresponding to Equations (18) and (21) are expressed as follows:
In the present work, Equation (26) is labeled as the contour M 1 -integral and Equation (27) is labeled
, and (c) [
are selected, we can separate the SIFs
where E ij are components of matrix E defined in equation (15).
Moving least-squares approximations [24]
We used moving least-squares approximation to calculate the J-integral and the M 1 -integral. In the example shown in Figure 5 , stress and strain used for the path integral are approximated from nodal displacements, obtained by finite element analysis. Therefore, the presented M-integral needs no elemental information from the finite element analysis. The approximation of displacement u h (x) at an arbitrary point x can be written as follows:
(30)
a(x) is determined by minimizing the following weighted least-square form:
where u I is the displacement at node I as shown in shown in Figure 6 . The following exponential weight function was employed in this paper:
where d I = || x -x I || and c = β d mI , and β is a parameter which determines the sharpness of the weight function. The stationary of R in Equation (31) with respect to a(x) is
Equation (33) leads to the following form:
where X(x) and Y(x) are defined by
Substituting Equation (34) into Equation (29), we obtain
where the shape function is given by
Strain and stress can be calculated using the following derivative of the shape function from nodal displacements obtained by the finite element analysis.
Numerical results
The accuracy of the presented method was examined for several typical three-dimensional interface crack problems. For all the analyses presented here, thermoelastic analyses were carried out using the MSC.Marc™ finite element program. Twenty-noded isoparametric hexahedral elements were used. No singular elements around a crack tip were used in these analyses.
Double edge cracks in jointed dissimilar isotropic plates under uniform cooling
As a benchmark, double edge cracks in jointed dissimilar isotropic semi-infinite plates subjected to a uniform change of temperature (Δ € ϑ = -20˚C), as shown in Figure 7 , were analyzed. This model satisfies a plane strain condition because the nodal displacements on the X-Y planes of the surface of the specimen are constraint for the Z direction. The exact solution of the SIFs is shown as the following equation [25, 26] :
where κ j = 3 -4ν j , η j = 1 + ν j for the plane strain condition, and µ j and α j are the shear modulus and the coefficient of linear thermal expansion for material j.
The Young's moduli and Poisson's ratio were set to be E 1 = 150 GPa, E 2 = 20 GPa and ν 1 = 0.30, 
where r is the distance from the crack tip on the x 1 -x 2 plane. r 2 is the radius of the integration domain, and r 1 is an arbitrary radius within the range 0 ≤ r 1 < r 2 , as shown in Figure 3 (b). q 1 is the continuous function that varies bilinearly in the r direction, and varies linearly in the x 3 direction (see Figure 8(a) ). This function q 1 is constant within the range r from 0 to r 1 for the constant x 3 , and so ∂q 1 /∂r = 0. The second type of test function q 1 is (b) a Quadratic function, which is defined to vary quadratically in the r and the x 3 directions, as shown in the following equation (see Figure   8 (b)): 
The third is (c) a Bilinear-Quadratic function defined as
where q 1 is a continuous function that varies bilinearly in the r direction, and varies quadratically in the x 3 direction.
The energy release rate G at the center of the plate thickness (see Figure 7) was calculated by the The energy release rate G at the center of the plate thickness was also obtained using the contour J-integral. In order to check the path independency, the contour J-integral was calculated using several paths by varying the radius of the integral path. The relationship between the rate of error and the path radius is shown in Figure 11 . When the radius of the integral path is more than r/m = 2.0, which is equal to two times the length of an element at the crack tip, the results show good path-independency within about 2.0% accuracy.
We evaluated the SIFs along the crack front using the contour M 1 -integral and the domain 
where Error i is the relative error (%), and K i | exact is the analytical solution of the SIFs. 
An external circular interface crack between dissimilar anisotropic materials under thermal load
We next analyzed an external circular interface crack between dissimilar anisotropic materials, as shown in Figure 13 . Two different boundary conditions were examined, the uniform change of temperature (Sample 1, Table 1 . In these tables, Aragonite and Topaz are orthotropic materials, and LT and GSO are monoclinic materials. The combinations of materials are described in Table 2 . Utilizing the symmetries of the geometry, thermal loading and material properties, a half body was modeled.
We performed thermoelastic analyses using three sets of finite element meshes with different fineness, as shown in Table 3 . The size of the smallest elements of Meshes 1 -3 were 1/20, 1/40 and 1/80 of the half ligament length b, respectively. Because we could not find the exact solutions for these problems, the convergences of the numerical solutions were examined. The energy release rate and SIFs at ϕ = 22.5˚, 90˚, 157.5˚ of the crack front as shown in Figure 13 calculated by the contour M 1 -integral and those calculated by the domain M 1 -integral. In the combination of LT and GSO, K I at ϕ = 90˚ is a negative value, which indicates that two crack surfaces overlap over a relatively large area. This phenomenon is mathematically correct but physically incorrect. If we use the SIFs as the fracture criteria in our future study, we need to consider the effect of this overlap. However, in this study we focused on the numerical techniques to obtain the SIFs of the traditional asymptotic solution, which allows that stress oscillates and the two crack surfaces overlap. The asymptotic solution of stress distributions ahead of the crack tip along the interface and crack opening displacements (COD), which were obtained by substituting the SIFs analyzed by the contour M 1 -integral using Mesh 1 into Equations (13) and (14), were 
Conclusions
A numerical method is proposed for evaluating the stress intensity factors of a three-dimensional interfacial crack between general anisotropic bimaterials subjected to thermal stress. In this paper, Table 6 Calculated stress intensity factors of an external circular interface crack for Sample 1 Table 7 Calculated stress intensity factors of an external circular interface crack for Sample 2 (Aragonite-Topaz). Table 8 Calculated stress intensity factors of an external circular interface crack for Sample 2 (Aragonite-GSO). Table 9 Calculated stress intensity factors of an external circular interface crack for Sample 2 Figure 4 The concept of the superposition of a reference problem onto a target problem.
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